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Reading: Section 9.3

1 Some Sets Do Not Exist

At the beginning of the 20th century, philosophers, logicians and mathematicians we’re
searching for the Holy Grail of Logic. It was believed that all of mathematics could be
built up from a foundation of set theory.

During this time a mathematician by the name of Bertrand Russel shook the very core
of the foundation by discovering a statement in set theory that could neither be proven
true or false. It is now known as Russel’s Paradox.

Sets are collections of elements where each element in the set has some unifying property.
For example

E = {x|x is an even integer}

Now suppose we define a set by a property that E itself has.

B = {x|x is a set with infinitely many elements}

So, the set of all even integers, E, is in B.
So too is E ∪ {1}
and E ∪ {3}
and E ∪ {5}
...
So there are an infinite number of sets in E. Therefore B ∈ B.

Now, lets define S = {C|C is a set and C /∈ C}. So B /∈ C.

Is S ∈ S?
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The answer is neither yes or no. A paradox.

Suppose S ∈ S. Then S is a set and S /∈ S. But we just claimed S /∈ S, hence we have
a contradiction.
Suppose S /∈ S. The as S is a set, it must be the case that it is not true that S /∈ S. A
contradiction.

One way of reconciling Russel’s Paradox is to conclude that S is not a set.

In the years that followed, a restriction was placed on how a set can be defined to avoid
this and other paradoxes.

When defining a set element using a predicate as a defining property, (C is a set) the
stipulation must also be made that the set is a subset of a known set. This will avoid
the paradox.

Let us now define S = {C|C ⊆ U and C /∈ C}. A similar proof as above concludes that
if S /∈ S then by the definition of S, it must be the case that S ⊆ U and S /∈ S is false.
By DeMorgan’s it must be the case that S * U or S ∈ S. Since S /∈ S it must be the
case that S * U . It follows then that S 6 inS.

To explain his discovery to laypeople he devised a puzzle called the Barbershop Puzzel
that is worded as follows:

In a certain town there is a male barber
who shaves all of those men,

and only those men,
who do not save themselves.

Does the barber shave his himself?

Suppose the barber is one of the men whom he shaves, i.e., he shaves himself. Then he
is a man that doesn’t shave himself, a contradiction. Suppose on the other hand that
the barber does not shave himself. Then he is in the set of men whom he shaves. A
contradiction.

2 The Pigeon Hole Pinciple

The Pigeon Hole Principle is obvious.

A function from one finite set to another smaller finite set can not be one to one. There
must be at least two elements that are mapped to the same element.

In a group of 13 people, at least two of them must have been born in the same month.

Let A = {1, 2, 3, 4, 5, 6, 7, 8}. If 5 elements are chosen from A, prove that at least two
have a sum of 5.
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Partion A into the following 4 disjoint subsets:

{1, 8}, {2, 7}, {3, 6}, {4, 5}

Map {a1, a2, a3, a4, a5} to the subset which contains the number ai where 1 ≤ i ≤ 5.
Then two of the numbers total 9.

3 The Halting Problem

There is no computer problem that will accept any algorithm X and data set D as input
and then will output “halts” or “loops forever” to indicate whether or not X terminates
in a funite number of steps when X is run with data set D.
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